We present a body of results that demonstrate that the golden section can be implemented in the design of evolving systems. Albeit we only develop the mathematics, both mathematician and computer expert should find the concept clear. Perhaps of particular interest to the number theorist is the observation that the sequence = 1,4,7,10,13, … defined by = + 3, ≥ 1, = 1, known as the Teleois number system, crops up in our results. Having shown in previous works how this sequence is closely related to the golden section, this manuscript gives further confirmation and the fact that Teleois numbers penetrate the golden section renders it a proportion of great splendour. Our results can find a wide range of applications from information technology to manufacturing.
INTRODUCTION
Let an integer satisfy is called a parent number and is a seed value of a quasigeometric sequence satisfying the relation ℎ = ( ℎ ), ≥ 1 (1.2) studied in [1] . As a natural consequence of relation (1.2), also satisfies
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but the converse is not true.
The work at hand is devoted to mathematically demonstrating that the golden section, denoted in equation (1.1) and formally defined by the ancient Greek mathematician Euclid in his seminal work The Elements [2] as the division of a line segment into extreme and mean ratio, can be implemented in (the design of) evolving systems. The concept makes much reliance upon the Cassini identity for given generally as Countless scholars have worked on the application of the Cassini identity and Fibonacci numbers in computing science, especially cryptography, see [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
We herein introduce transformations based on the Cassini rule and we obtain useful results. For analysis purposes, the sequence shall be represented in the form The concept of parent number as defined above has enabled us to regenerate not only the sequence (1.6) but also the "Lucas numbers" through the sequence The sequence (1.9) has profound significance to the results of this work. The sequence (1.11), call it the "double Lucas numbers", is important in the study of symmetry. One may find the result of Theorem 1.1 interesting.
Theorem 1.1
Consider two sequences and such that
It holds that
RESULTS
In our results, the designations , , , refer to the sequences (1.2), (1.5b), (1.6), and (1.9) respectively.
Zero Transformation
Let the sequence be defined by ℎ = − , ≥ 1, ≥ 4. The Cassini identity is given by 
Proof is complete. be given by
For odd , let the transformation vector for the mapping
be given by 
From Theorem 2.1,
Again from Theorem 2.1,
Notice that Equations (2.14) and (2.15 ) are equal, therefore transformation vector = 0.
Direct Computation of Transformation Vector
We first need to state Theorems 2.3 and 2.4.
Theorem 2.3
Let the sequence be defined by ℎ = − , ≥ 1, ≥ 4. The Cassini identity is given by ℎ ℎ − ℎ = (−1) , ≥ 1 , where
Proof
We provide proof by the Principle of Mathematical Induction. Base case: = 1,
Inductive Hypothesis: Since Identity is true for = 1, assume it is also true for = ≥ 1, that is,
Inductive Conclusion: Truth must be established
We have that
To complete the proof we need to show that 
Theorem 2.5
Let the sequence be such that
Let the transformation vector be given by = ( , , , ). When is even,
when is odd,
Since is even, equation (2.11) gives the transformation vector as
With even , from Theorem 2.3,
Also notice that − = −1 , therefore Equation (2.22) reduces to
Since is even, it follows is given by Equation (2.23) . Now consider (ℎ ) .
(2.24)
Since is even, it follows ′ is given by the negation of Equation (2.24) , therefore,
Having given a detailed geometric proof for for Scenario I of the Theorem, it is assumed that the reader may be able to follow the same procedure in proving all eight scenarios.
It is in the interest of space management that we state Theorems 2.6 to 2.12 below without proof. The interested reader shall follow proof to Theorem 2.5. 
Systems Evolution
A series of the transformations (ℎ ) → (ℎ ) , ≥ 4, for the sequence yields very important results. For illustration we give the first ten such transformations for the sequence 
CONCLUSION
Our theorems demonstrate that the golden section can be implemented in the design of evolving systems, which concept should be appreciated by both geometer and computer expert, with applications range from information technology to manufacturing. Albeit the emphasis is on applications, the results may be used for further development of the theory of the golden section.
